KUNS-2018 
YITP-06-19 
hep-th/0 605021 



Superconformal Symmetry 
in Linear Sigma Model on Supermanifolds 

Shigenori Seki*, Katsuyuki Sugiyamat and Tatsuya Tokunaga* 

* Department of Physics, Graduate School of Science 
Kyoto University, Kyoto 606-8502, Japan 

^Department of Physics, Graduate School of Science, Yoshida South 
Kyoto University, Kyoto 606-8501, Japan 

* Yukawa Institute for Theoretical Physics 
Kyoto University, Kyoto 606-8502, Japan 

abstract 

We consider a gauged linear sigma model in two dimensions with Grassmann odd chiral 
superfields. We investigate the Konishi anomaly of this model and find out the condition 
for realization of superconformal symmetry on the world-sheet. When this condition is 
satisfied, the theory is expected to flow into conformal theory in the infrared limit. We 
construct superconformal currents explicitly and study some properties of this world-sheet 
theory from the point of view of conformal field theories. 



May 2006 

*seki@gauge . scphys .kyoto-u. ac.jp 
tsugiyamaOphys . h. kyoto-u. ac . jp 
^tokunagaOyukawa . kyoto-u .ac.jp 



1 Introduction 



It has recently proposed that the topological string theory on a supermanifold CP 3 ' 4 de- 
scribes a twistor string [l j , which is associated with super Yang-Mills theory and conformal 
super gravities in four dimensions. This topological B-model provides a powerful prescription 
for computing amplitudes of the super Yang-Mills theory. 

This surprising correspondence attracts a lot of attention and various works have been 
done in this topic. Super Yang-Mills amplitudes are further investigated and interesting 
relations between the Yang-Mills theory and the topological string have been developed. On 
the other hand, string theories on the twistor spaces 0-0, [T01ITT] or supermanifolds them- 
selves were studied to formulate mirror symmetry for supermanifolds and related 
string dualities |23-|2S|, [2111 EH- 

It is interesting to study geometry of supermanifolds [221 122] and to find profound struc- 
tures beyond the bosonic manifolds. We investigated critical string theories on flat super- 
manifolds toward construction of consistent strings on these manifolds. It was a first 
step to understand the strings on the superspace as world-sheet theories and to obtain con- 
sistency conditions for them. Also we analyzed supermanifolds from the point of view of the 
gauged linear sigma models |53j . 112111211111110] in order to understand properties of curved 
superspace backgrounds. For backgrounds for usual bosonic manifolds, Ricci-flat condition 
is necessary to construct consistent vacua of strings . If this condition is satisfied, conformal 
theories are realized on the world-sheet and physics of infrared (IR) region is controlled by 
conformal algebra. For models with supersymmetry, superconformal currents play important 
roles in describing physical properties of the IR dynamics. 

In this paper, we shall consider gauged linear sigma models on weighted projective su- 
perspaces and investigate geometrical properties from viewpoints of world-sheet theories. 

In section 2, we review gauged linear sigma models with a U(l) gauge field and chiral su- 
perfields shortly. In section 3, we explain U(l) R-symmetries and conservation of associated 
currents at the classical level. But one of the U(l) symmetries is broken at the quantum level 
and induces anomaly. In section 4, we investigate this Konishi anomaly [TTH^ ITTH| for this U(l) 
symmetry and construct anomaly equations explicitly. In deriving this result, we take two 
approaches; covariant calculation by the path integral methods and evaluation of one-loop 
effects in the light-cone gauge. Then we obtain the condition of anomaly cancellation for this 
symmetry and construct conserved currents explicitly. These supersymmetric currents flow 
into superconformal currents in the IR limit if there is no anomaly. In section 5, we calcu- 
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late operator products of these currents and study superconformal algebra of the IR theory. 
The lowest component of the field strength of vector superfield plays essential roles in these 
curved backgrounds. Together with gaugino, they behave as ghost fields. Also we discuss 
holomorphic forms and associated extended algebra for a few concrete cases. Section 6 is 
devoted to conclusions and discussions. 



2 Model 

In this section we review M = 2 gauged linear sigma model shortly [33]. We want to 
describe supermanifolds by using two dimensional gauged linear sigma models. For simplicity 
we consider a U(l) gauge group. The supercoordinates of the world-sheet are denoted by 
(x ,Xi,8 ± ,6 ± ). We set the metric of the world-sheet to be rjij = diag(— 1,+1). This model 
has Af = 2 supersymmetry on the world-sheet and there are four types of supercharges Q± 
and Q± 

Q± = ^T + iO ± (do±d 1 ), Q ± = -^ E -i9 ± (d ±d 1 ). (2.1) 
Associated super derivatives D± and D± are defined: 



We shall take m bosonic and n fermionic coordinates and consider an (m|n)-dimensional 
superspace. Since these coordinates are regarded as the lowest components of chiral super- 
fields, we introduce m bosonic chiral superfields and n fermionic chiral superfields, 

& (x), (/ = l,2,-..,m), E A (x), (A=l,2,...,n). 

Firstly an ordinary bosonic chiral superfield $q i s defined by -D$o = anc ^ expressed in 
terms of component fields as 

= (f) 1 + V2(9 + ip I + + 9~ij}L) + 26+0-F 1 

-ie-0~(do - dx)^ - i9 + 9 + (d + 0i)0 J - 9 + 9-T9 + {8l - df)^ 1 

-iV29 + 9-T(d - d x )V>+ + iV29 + 9-~9 + (d + di)ipL. (2.3) 

Here (ft 1 and F 1 are bosons, while ip+ and ipL are fermions. In the same way, we can define 
the fermionic chiral superfield in component expansion: 

E A = £ A + V2(9 + b* + 9-b A )+29 + 9- x A 

-i9~T{d - d x )i A - i9 + 9 + {8 + d^ A - 9 + 9-~9~~t{8% - %)£ A 
-iV29 + 9~9'(d - dx)b A + iV29 + 9-~t(d + d x )b A . (2.4) 
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Fields ^ A and x A are Grassmann odd, while b+ and b A are Grassmann even. So this chiral 
superfield behaves totally as a Grassmann odd superfield. 

In order to construct a projective supermanifold, we consider the U(l) gauge theory by 
introducing an abelian vector superfield V. It is written in the Wess-Zumino gauge, 

V = -V2e~9 + a- y/20+Ta + 0~T (v Q - «i) + + lt(v o + v 1 ) 

-2ie + 0-(e + \ + + T a_) - 2iTe + (e + \+ + e~x_) + 26 + e-Te + D, (2.5) 

and associated field strength of the superfield E = (l/y/2)D + D_V is represented as 
£ = ( 7 + iv / 2^ + A + -iv / 2FA_ + v / 2^ + ^( J D-^oi)+^^(5o-5i)^ 

-ie + e + (d + - V2~e + e-e~(d - 9x)a+ + V2~e + e~e + (d + di)A_ 

+#+ro + (<9 2 -<9 2 y, 

This field strength is the twisted chiral superfield and the kinetic part of the gauge field is 
denoted by 

1 f 4 - 

-^gaugc — ~ ^2 / ^ ^ 

where e is a gauge coupling constant. We then assign C/(l) charges Qj on $q and on Sq . 
Then ungauged (m|n)-dimensional target space is reduced to a projective manifold due to 
this U(l) gauge field. Now let us write down the Lagrangian of Af = (2,2) gauged linear 
sigma model 



L — Lki n + L 



gauge ; 



// m n 
d^lj2Ke 2QiV H+T, E > AVE o 

\I=1 A=l 

When one considers the IR limit, this model turns to describe physics of the sigma model 
with target space WCP^~g™ Q m \ qi q2 g „)> namer y (tu — l|n)-dimensional projective space. 

3 Current and U(l) Symmetry 

The physics of the model in the IR region depends on the charges (Qr, ?a)- When J2i Qi ~ 
YIaQa > 0, the model is asymptotic free. If J2iQi ~ Zm<M = is satisfied, the theory 
is scale invariant in the one-loop approximation and we can expect to construct conformal 
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currents of the underlying IR theory. We shall discuss this conformal theory. Now we 
introduce a current J, 

J = ^ D -{^ e2QlV ) e ~ 2QlV ^-{ e2QlV ^o) 
i 

+\Y. D -(^y qAV ) e ~ 2qAV v-{ e2qAV -*) + 2 ^ d -^- ( 3A ) 



We can verify conservation of the current classically D + J = by using equations of motion, 

($Je 2Q ' y ) = 0, (3.2) 
D + dJ%£<*" v ) = 0, (3.3) 



J2QiKe 2QlV H + J2^oe 2qAVE o = ^(p-D + E + D + DJ2). (3.4) 

This current (|3.1|) has expansion in terms of supercoordinates 9 ± 1 6 I± . In order to write down 
formulae of currents explicitly, we expand superfields in terms of 9~ and 9 

Sq = Z'v +V29~A A -2i9-9~dS'v, 

V = * + 9~T (v -v x - 2ia) - \/ r 29'9 + E' - V29 + Tt! , 

a = 9 + \_+9 + \_ + i9 + 9 + D, 

£ = £' + -^=TT + 2i9~9~d^' 

where component fields are defined as 



< 


= (j) 1 + V29 + ^ + - 


2i9 + 9 + d +( j) 1 , 


1=1 


= £ A + \/29 + b A - 


2i9 + 9 + d + i A , 




= V- - V29+F 1 - 


- 2i9 + 9 + d + ^_ 




= b A -V29 + X A - 


2i9 + 9 + d + b A , 




= 9+9 + (v -v 1 ), 






= a + iV29 + \ + - 


2i9 + 9 + d + a 1 


T 


= -2A_ + 2z0 + (D 


- iv oi ) + M9 
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If we introduce fields defined as follows: 



A / = e ^(A I _ -2Q I 9 + W I ), 

A- = e^{k A -2q A 6 + Y l '~!i), 

(V -V 1 )& 1 = (d -d 1 + i Q I (v -v 1 -2ta))& 1 , 

(Vo-V,)^ = (d -d 1 +iq A (v -v 1 -2ta))Z /I , 

then component expansion of J is represented by currents (J, G, G, T) 

J = J + 2V2i6~G + 2V2i9~G + 4B~TT, 

J = 5> 7 _A' -^A^ + ^E'9_E', (3.5) 



I A 



G 
G 



E - v^' 1 + E \ KA ^ - V ^ A + i s ' 5 - T ' ( 3 - 6 ) 



2 -v . ^ 2 -v u „ 2e 2 



T = -E^^o" W(^o -P 1 )$' / + Ei( I3 o-^i)S M (Po-^i)S M 



2 V u x/ v u ±7 ^2 

I A 

1 1 

--^Td-T - -<9_S'<9_S' + -E'<9 2 e' 

4e e e 



-1 E [ A - ( P o - 2>i)Al - (p - V X )M • Al] 

+i E [ A ^° - ^i)A_ - (2?o " ^i)A A • A-] • (3-8) 

A 

These are grouped into an Af = 2 multiplet and the current in the highest component is 
identified with the energy momentum tensor. If we concentrate on the left movers, then 
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component fields are expressed explicitly 

j = Y,^ I --J2 bA ~ s - + ^ ad - 7f > ( 3 - 9 ) 

I A 6 

G = -^^IvJ^ 1 + ^b A Vjf (3.10) 

/ A 6 

G = ■ : $ I _ + Y^V-Z A -~b A :-^X-d-a, (3.11) 

/ A 6 

T = - ^ 2P^V/ + ^ • ^_ - ) 

/ i 

A A 

-4tA_9_A_ - ^{d-ad-a - ad 2 _a), (3.12) 
e e 

where X>_ = (1/2) (Po ~~ Pi)U=o- They could be superconformal currents if there is no 
anomaly. 

Our model has two U(l) R-symmetries U(1)r and U(1)l at the classical level. They act 
on the supercoordinates (9 + , 9~ ,9 + ,9 ) 

u(i) R] (e+ ia e+,e-,e- ia e + ,T), 

U{l) L - (9 + ,e +i ^9-,9 + ,e- lf3 9~), a,{3eR. 

But they are generally anomalous at the quantum level. In the next section, we shall discuss 
this anomaly. 



4 Anomaly 



We shall look at the U(1)l symmetry. It acts on coordinates (0~,9 ) as (e +1 ' f3 9~, e~ l/3 9 ). 
Then relevant superfields (A_,A_,E ; ) transform to e~ i/3 (A_, A_, S'). This U(1)l symmetry 
is conserved classically but broken at quantum level and induces the Konishi anomaly 35, 
Now we compute this Konishi anomaly. 
First we can rewrite Lagrangian by using component expansion 



S 



d 2 y / d9 + df 



i i 
+ E r>o - V^ A - E {{V« - V^ A ■ E! A + ^TT 
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In order to evaluate the anomaly, we consider transformations of the relevant fields under 
chiral U(l) symmetry^ 



(A_,A_,E') ^e* A (A_,A_,£') = (A_,A_,E'). 



(4.1) 



Here the chiral superfield A satisfies the condition D + A = 0. The infinitesimal transforma- 
tion 8S of the action can be expressed as 



5S 



1 



d 2 y / dd + A(-iD^ 



A_A_+A_A_-^(d_E / )£' 



d 2 y I d6 + A(-iD + )J. 

(4.2) 



Then the partition function Z is represented under this U(l) symmetry 



'1 js 



D[A_,A_,E'] e 

D[A_, A_, £'] Sdet (A ~' A -' S/) e l ( 5+5s ). (4.3) 
L J (A_,A_,E') 

In this formula, J is the same current as the one given in Eq. (j3.5|) . Superdeterminant 
Sdet(- • • ) is the Jacobian of this transformation 



Sdet 



(A_,A_,£') 



Sdet{-iAD, 



3 Str(-iAD + ) 



(4.4) 



(A_,A_,£') 

If this Jacobian is not identity, it induces anomaly. We can evaluate this effect by the 
Fujikawa's method. In doing this calculation actually, we need to regularize the superdeter- 
minant and introduce the regulator L |37j : 



~D + e-^(V -V 1 )e-^D + e 



(Do - Vx)V + V + e Q *. 



In deriving the formula in the second line, we used a relation 

Then we are able to evaluate the Jacobian (|4.4|) by using this regulator 
^tr(-iAD + ) = Um exp [str(-iAe^D + )], 



(4.5) 



M^oo 



lim exp 

M^oo 



d 2 y I d9 + (y,9 + ,9 + \(-tAe^D + )\y,9 + ,9^) 



(4.6) 



§For simplicity, we abbreviate flavor indices "J" and "A" for a moment 
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First we compute the contribution from A_. We insert a complete set in the integrand and 
evaluate the limit 



lim (y,9 + ,r\(-iAe^D + )\y,e+,r) 
lim / f NO 

M—oc J (27r) 2 
d 2 k 



lim , 

M^oo J (2-K) 2 

. d 2 k 

hm 



dTi+drj+iy, 9 + , 9 \(-iAe^D + )\k, r] + } JJ+) (k, r] + , rj+ly, 9 + , V) 
dr] + dr] + e- l{kv+ve \-iAe^D + )e i{ky+,ie) 



Af-oo J (2n) 2 

Q 



drj + di] + (—iA)(ir] + — 9 + k + ) exp 



Q 



2M 2 



Tr] + + L 



KO AT / d 2 k e~ k+k - = —QAT. 
2(2tt) 2 J 8tt 

Here we defined the rescaled momenta (k + , kJ) and L as 

ki = Mki, k 2 = Mk 2 , 

' Q ; T(D + +4Qd+q + 6 + k + ) 



2M 2 
1 



M 2 



(V - V x + 2Qd^ + ik^)(V + V X + 2Qd + t> + ik+). 



Finally, after summing up contributions from A_ and recovering flavor indices, we obtain 
the Konishi anomaly equation 



V I A ' 

We can also rewrite the Konishi anomaly equation for the current J given by (j3.1|) . 

B ^=^(X>-X>) B - E - («) 

From this equation, we can see that the Konishi anomaly vanishes only if Y^i Qi~2~2a 1a — 0. 
In such a case, the conservation of chiral currents (J, G, G, T) in Eqs. ()3.5j) - ([3.8p is recovered 
and these currents generate M = 2 superconformal algebra. In the IR limit e 2 — > oo, the 
gauge fields are decoupled. Then we can evaluate the operator product expansion of these 
currents by free propagators. These represent M = 2 superconformal algebra with central 
charge c = 3(m — n — 1). (See Appendix B.) 

We shall also show derivation of the Konishi anomaly from another viewpoint 38J. We 
want to evaluate one-loop effects in the lowest component J_ ~ XIrV , -'0- ~ 2~2a^-^- + 



S 



(2i/e 2 )<7<9_<7 of the current (j3.1j) . To begin with, we compute the following one-loop ampli- 
tudes with an arbitrary operator O, 



(v + (z)0) 



-z ){x 2 - z y 
-z-)(x 2 -z-y 



(4.9) 
(4.10) 



These equations lead us to 1 

~ (Z> -Y,«*)(( d - v +w + ^ 2 ^$ d+v+{x) )°)- (4 - n) 

Since there is ambiguity remained in Eq. (j4.11|) . we should define the gauge invariant currents, 



lim 



if)_(xi) exp 



iQi 



~ : ip-4>-(x) : H lim 

2 xi-*a:2 Xi — x 



b A b(x) 



lim 

X\ — *X2 



1 ^2 

xi 



(4.12) 



b_(xi)exp ( — / dx^v^ 6_(x 2 ) 



~ :o_o_(x):-| lim — —v + {x)-\ V-[x) 



x 2 

X i X o 



3? i $n 



(4.13) 



The limit " lim " means that x\ — > x and x 2 — > x. Under these definitions, the chiral 

XI— >£2 

anomaly is correctly determined from Eq. (j4.11j) as 



d + (*) - £ 6 3t(x)) o)~(J2Qi-J2 ' 

W A ' ' ^ I A 



- V 9A K_(x)0). 



(4.14) 



Next we shall show ()4.12|) and (|4.13|) reproduce the Konishi anomaly. Since D + J can be 
evaluated by [Q + , J], we obtain 



W A ' 



(4.15) 



^Hcre we used 



7T 



3^ £ 



[v+(z)0) 



/ v + (xi) - v + {x 2 ) 



O 



\ x-y x 2 



-Ql( ( d-v + {x 2 ) + X \ _ X l d + v + {x 2 ) )0 

X\ X 2 



The same method is applicable to the computation of (: {d +b A _(xx)b_{x2) + b^:(xi)d +b_(x2)} ■ O). (See 
also Appendix B.) 
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where we used the supersymmetric transformations [Q + ,t>+] = and = 2zA_. The 

right hand side of Eq. (J4.15|) reminds us of the first component of £)_£, which is \/2i\_. In 
fact, the supersymmetric completion of Eq. 1)4.15)1 becomes 

D + J~ (^Qj-J^We. (4.16) 

That reproduces the results in the previous discussion and we can read that the vanishing 
condition of the Konishi anomaly is Y2iQi ~ ^2a1a — 0. In this case we have conformal 
currents in the IR region, which are identified with J . We shall study such case in the next 
section. 

5 M = 2 Superconformal Algebra 

We consider M = 2 currents of our model in the Euclidean case. In the IR limit e 2 — > oo, 
the gauge fields are decoupled and we use free field representations. After appropriate 
redefinitions and Wick-rotations, we can write down a set of M = 2 superconformal currents 
(J, G, G, T) in the Euclidean case 



J = 


-e*v-: 

i 


£ b A b A + ada , 

A 


G = 


i 


? + iV2 J2 hA df ~ V2\3a, 

A 


G = 


—iV^y^^vp 1 dq 
i 


) 7 + iy/2 ^l A di A - V2ad\, 

A 


T = 


- E dtfdtf - 
I 


- dtdi A - \d\ - hdada - ad 2 a) 

A 2 






- d^ 1 -tp 1 )-- J2$ A db A - dt ■ b A ). 



I 

Here each field has operator product expansion 

r XU 

iJf...\-. xU^~r~ ...\ -*r~\.i.Ji.... ^ 



<p (z)<j> (w) ~ —5 \og(z - w), ip (z)ip J {w) 

-A fl AB -A —fi AB 

dC(z)Z B (w) , t{z)b B {w) . 

z — w z — w 

X(z)X(w) ~ , a(z)da(w) ~ . 

z — w ' ' z — w 



z — w 
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fields 


weights 


£7(1) charges 




(1/2, 1/2) 


(+1,-1) 


(b A ,b A ) 


(1/2,1/2) 


(+1,-1) 


(da, a) 


(1/2,1/2) 


(+1,-1) 


(A, A) 


(0,1) 


(0,0) 




(0,1) 


(0,0) 



Table 1: Conformal weights and U(l) charges of fields 



Then we obtain M = 2 super conformal algebra with central charge c = 3(m — n — 1) 

c/2 2 „, , 1 



T{z)T{w) 
T(z)J(w) 
T(z)G(w) 
T(z)G(w) 
J{z)G(w) 
G{z)G{w) 
J(z)J(w) > 



+ 



(z — u>) 4 (z — wY 

7 — 1 ~^ J ( W ) + —^—d.J(w\ 

(z — w) z 

3/2 



z — w 



dT(w) 



( Z - W Y G{W) 



z — w 

1 

z — w 



dG{w) 



K z — w 

+1 



z — w 
2c/3 



z — w 

G(w), J{z)G{w 
2 



' -dG{w) 



+ 



(z — wY (z — w) 2 
c/3 



-1 

2; — ty 
1 



(2T + 3J)(w), 



z — w 

, G(z)G(w) ~ 0, G(z)G(w) ~ 0. 



(2; — w) 2 ' 

Conformal weights and t/(l) charges of fields are measured in terms of T and J. Field a 
is the lowest component of the field strength of the vector superfield S. But this a has 
conformal weight 1/2 with respect to T. Similarly the gaugino A in the multiplet E has 
weight 1. We summarize these data in Tabled By taking account of the conformal weights, 
we can redefine fields a, a, A, A by b a , , £ 



b a = ida, b =ia, T = A, <9£ 



A. 



{ii) i y,b°-^xj) = {w-w). 



-rl -rA -to 
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Also we introduce symbol \P\ (P = I, A, a) as |/| = and \A\ = \a\ = 1. Then $ p and 
have commutation or anti-commutation relations as follows: 

= (-i)\p\\Q\$Q . $ p 
\]/ p . = _(_i)l p IM^Q . #p 
§p.^Q = (^I^KIQI+i^Q.^ 

Under this setup, Af = 2 superconformal currents are expressed by $ p and \l/ p 

G = -iV2V p d$ Q '^(M-N) QP , 

T = - l -M PQ d<$> p d<$> Q - ^M PQ ^ p d^ Q , 

where Mpq and Npq have non-zero components 

M l7 = M 7l = S u , M AB - = —M-g A = -Sab, M aW = -M w<7 = -1, 
n ij = ~ N 7i = ~ s v, N AB - = Nz A = 5 AB , N a7f = N-s a = \. 

Also we can introduce their inverse matrices M PQ and N PQ with M PR M RQ = S P Q and 
N PR N RQ = 5 P Q . Propagators of fields $ p and ^ p are expressed as 

$ p {z)$ Q (w) ~ -M PQ \og(z - w), V p {z)y Q {w) . 

z — w 

In order to analyze geometric picture of manifolds, we consider twisted conformal field 
theories by introducing modified energy momentum tensors T^> — T ± |<9J 

f (±) = --M PQ d<5> p d<S> Q - -(M ± N) PQ ^ p d^ Q . 

When one measures conformal weights h of fields by these new energy momentum tensors, 
(p = I, A, a) and ^ (p = 7, A, a) have h = 0, 1 for T^, ft = 1, for TK Also super 
stress tensors G (G) have respectively conformal weights 1 under (T^). So we can 
define BRST operators for these twisted models 

Q = -^j=j>G forfW, 
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These BRST charges act on fields with parameters a, a in the following way and they can 
be interpreted as some kinds of "differential operators" on the supermanifold 

[aQ, $ p ] = aW, [aQ, $ F ] = aWSf, 

[aQ, = -ad&Sf, [aQ, = -ad$ p , 

+Im 

o 



s = 



In this setting, W (p = I, A, a) and W (p = I, A, a) are naively set to differential forms on 
the manifold 

(dcf) 1 d£ A dC) <-> (^ b A b a ), 
(#' df df) <-> t V). 

For the purpose of further investigation, let us bosonize fields in \I/ P 

^ = e ^V, ^ = e-^«9C A , 
6- = e ^rf, T = e~^dC, 
(p I (z)(p J (w) ~ 5 IJ \og(z - w), 

S.AB 

V A (z) V B (w) ~ -5 AB log(z- «,), C^)?7» ~ 

~ - io g (z - w), C(z)v a M ~ 

Then (ip 1 ,^ 1 ) can be identified with (6, c) systems with spins (1,0). On the other hand, 
(b A ,~b~ A ) and (b a ,V) correspond to "bosonic ghost" systems 7) with spins (1,0). Our 
M = 2 algebra contains t/(l) current J that is the number current of these ghost and 
bosonic ghost fields in the context of twisted models. Differential forms on the manifold can 
be represented as ghost fields in the twisted model. 

Let us return to the untwisted model. This U(l) current is rewritten under the bosoniza- 
tion 

J = <9(y? 7 — ip A — ip a ) = iV&dH, c = m — n — 1, 
H{z)H{w) ~-\ g(z-w). 

This formula means that the U(l) current J is the sum of fermion number current Jp = 
—ip 1 ^ 1 = dip 1 and ghost number current Jp = —d((p A + (f a ). The set of currents (T, G, G, J) 
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generate M = 2 superconformal algebra with central charge c = 3(m — n — 1). This algebra 
has algebra automorphism and NS sector and R sector are related by a spectral flow operator. 
Under this flow, the (h, q) = (0, 0) state is transformed into states associated with primary 
fields Q and fl 

n = e lVlH = e^-^-v" = e^ 1 5(b A )5(b a ), 
H = e- iVlH = e -V+* A +^ = e^5{b A )5(b a ). 

These operators satisfy chiral primary condition h = q/2 with q = c for Q, q = —c for Q. 
By looking at this formula, we could identify d£ A , d^ a (— dX) with S(b A ), 5{b a ) respectively. 
It means that the degree of differential forms on the supermanifold is measured by U(l) 
charges associated with the current J, and differential forms are described by tp^s, 5(b A )'s, 
S(b a ). In the geometric picture of the sigma model, Q and Q are respectively associated with 
the holomorphic c form and the antiholomorphic c form. 

Next we shall consider superpartners U, U of Q, Q. They are defined by considering 
operator products 

G(z)Q(w) ~ -^-U(w), G(z)Q(w) ~ -^-U(w), 
z — w z — w 

I V^J A 



A ^ I B+A ' 

+ exp (-2<f + X ^ ~ X ^) d ^ 9 ^' 

^ / A ' 

^=-X ex p(-X^+X^+^K 

I ^ J+l A ' 

+ £ exp U V A - X ^ + X ^ + ^) V A df 

A ^ / B^A ' 

+ exp (V -Y,^ + Y,V A ) V a dT, 

^ I A ' 

where we omit cocycle factors for each term. These superpartners are primary fields with 
h — (c + l)/2 and U, U have U(l) charges q — c — 1, — (c — 1) respectively (see Table |2J). 
Together with these U, U, Q and Q, the M = 2 superconformal algebra is enlarged to 
extended algebra. For c = 1 case, Q and Q have conformal weight 1/2 and q — ±1. They 
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fields 


fi 


n 


C/ 


£7 


charge q 


c 


— c 


c- 1 


-(c-1) 


weight h 


c/2 


c/2 


(c+l)/2 


(c+l)/2 



Table 2: Conformal weights and 2/(1) charges of fields Q, Q, U and U. 

turn out to be a pair of complex fermions. On the other hand, neutral fields U and U have 
h = 1 and they are interpreted as derivatives of scalars, namely these fields correspond to 
a pair of complex bosons. Resulting algebra is direct product of M = 2 super conformal 
algebra with c = 1 and a pair of complex bosons and fermions. Let us see cases of c = 2, 3 
concretely. 

5.1 c = 3 case 

This case corresponds to a Calabi-Yau threefold and resulting world-sheet theory is described 
by c = 9 algebra. When we put M = V2tt, M = V^Tl, K = iU,K = iU \ the extended 
algebra is expanded by eight currents (T, G, G, J, M, M, K, K). They are shown in Fig. ^ 
K and K are respectively superpartners of Q and Q. They contain subalgebra with M = 2 
super conformal symmetry with c = 1/3 (c = 1). It is generated by currents (T, G, G, J) 

f = -j 2 , j = -j, G = J-n, d = J-U. 

6 ' 3 ' V 3 ' V 3 

This conformal subalgebra belongs to the M = 2 minimal model and its spectrum is classified 
by {h, q) = (0,0), (1/6, ±1/3). In other words, these states are labeled by the original U{1) 
charge q = 0, ±1. The character of this subalgebra is expressed by the Dedekind's eta- 
function rj{r) and classical SU(2) theta function m ,fe(r, 6) as Xq — 7 ?~ 1 (' r )02g,3(T/2, 9). 

5.2 c = 2 case 

This case is an analogue of four- dimensional hyperkahler case and resulting world-sheet 
theory is described by M = 4 superconformal algebra. When we put 

J + = iQ, j- = -iU, J 3 = -J, 

2 

G+ = G, G~ = G, G' + = V2U, G'~ = Vw, 
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h ■ 








2 


• 

K 


# T # A" 




3/2 


• • 

M G 


° G 


• 

M 


1 




° J 






-3 -2 -1 


1 2 


3 ? 


Fig. 1 


Currents of c = 9 extended algebra. 


In this figure, h is the conformal 


weight and q 



is the C/(l) charge measured by J. 

eight currents (T, G^, G' , J*, J) generate Af = 4 superconformal algebra with c = 6. It 
includes affine sm(2)i algebra which is constructed by J" 1 " and J 3 = J/2. This symmetry 
seems to reflect an analogue of the hyperkahler structure of the manifold. Choice of the 
complex structure corresponds to pick up the Kahker class associated to the U(l) current 
J. The other almost complex structures are related to (2, 0)-form Q and (0, 2)-form Q. Also 
(G + , G'~) and (G' + , G~) turn out to be doublets under this su(2). Two components in each 
doublet are changed one another under the action of J . We summarize conformal weight 
h and U(l) charge q in Fig. El Here we show charge q measured by J. The su(2) current J 3 
is related to this J through J 3 = J/2. 

6 Conclusions 

We have studied the gauged linear sigma model on the supermanifold with Grassmann odd 
chiral superfields, which provide Grassmann odd coordinates in the target supermanifold. 
In this paper we have considered the U(l) gauge theory and target space of this model is 
reduced to the weighted projective space WCP m_1 ' n . This model has supersymmetry on the 
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h , 












2 






# T 






3/2 








® G+ 




1 


• 




• 

J 


• 






-2 


-1 





1 2 


>- 

9 



Fig. 2: Currents of c = 2 theory. They generate Af = 4 superconformal algebra with affine 
sm(2)i algebra. In this figure, h is the conformal weight and q is the U(l) charge measured 
by J. The su(2) current J 3 is related with J through a relation J 3 = J/2. 
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world-sheet and there are classically conserved U(l) R-symmetries. If these R-symmetries 
are not anomalous, the resulting theory has superconformal symmetry in the IR region. But 
conservation of supercurrents could be broken generally due to anomalies for these U(l) 
symmetries. 

In order to study quantum properties of the theory, we have calculated the Konishi 
anomaly associated with the R-symmetries. We have taken two approaches in this cal- 
culation; covariant calculation by the path integral methods and evaluation of one-loop 
effects in the light-cone gauge. By these analyses, the condition of anomaly cancellation 

Qi ~ Yl a = is obtained. The result is consistent with the Ricci-flat condition of 
the supermanifold. If this condition is satisfied, then the theory flows into a superconfor- 
mal theory in the IR limit. We also constructed superconformal currents explicitly in this 
region, and found that they generate Af = 2 superconformal algebra with central charge 
c = 3(m — n — 1). 

In this model, there are spin 1/2 fields, (ip 1 , ip 1 ) and (b A , T> A ) that contribute +m and — n 
to the central charge of this algebra. The lowest components o and a of field strengths E 
and S of vector superfield play essential roles in this model. The set (da, a) has conformal 
weights (1/2, 1/2) respectively and behaves as an extra set of (b , b )'s. Especially it induces 
extra contribution "—1" in the formula of c. 

These fields are collected into the U(l) current of M = 2 superconformal algebra. By 
bosonizing the bosonic fields, we find that the U(l) current J is the sum of the fermion 
number current Jp = ip 1 ^ 1 and ghost number current Jp = —d((p A + (f a ). This J measures 
"charges" of fields, that are also identified with degrees of differential forms on the manifolds. 
Usually fermions ip 1 and ip 1 are interpreted as differential forms on the manifold and charges 
associated with Jp are identified with degrees of these forms. In our supermanifolds, bosonic 
fields b A ,~b~ A ,b a , b" could be identified with differential forms of Grassmann odd coordinates. 
From the correspondence between U(l) charges and degrees of forms, we suppose that ghost 
number is identified with degree of differential forms of Grassmann odd coordinates. 

In order to put forwards this interpretation, we discussed the holomorphic form Q and 
its conjugate. Their expression has terms S(b A )S(b a ) and their conjugates that confirm the 
above supposition. 

Finally we investigate structure of extended algebra generated by these f2, f2 and their 
superpartners. The c = 3 case is an analogue of the Calabi-Yau threefold and resulting theory 
is described by c = 9 algebra on the world-sheet. For c = 2 case, the algebra is enlarged 
into M = 4 superconformal symmetry with afline sw(2)i. This model is an analogue of 
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four-dimensional hyperkahler manifolds. It implies that the affine su(2) reflects some kind 
of hyperkahler structure of the manifold. We are looking forward to further investigation 
towards this direction. 
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A Conventions 

x ± = x°±x 1 , d ± = l -{d ±d 1 ), (Al) 

d + d-\n\x + x- \ = inSix^Six 1 ) = m5 2 (x), (A.2) 

<9_^ = in5 2 {x), d + — = in5 2 {x), (A.3) 
x + x 

J d 2 ° = \J d9~d9 + , J d 2 9 = ^J S + dT, (A.4) 
J J 4 00+00 89- 89+ 

B Superconformal Algebra (Lorentzian case) 
B.l Two point functions 



- I 'x)<t> J {y)^-—\n\x-y\ 2 , ^ ± {x)^ J ± {y) (B.l) 

z x y 

tttietv) - V ln \ x - v\ 2 > l t(x)bg(y) ~ (B.2) 

z x y 

1 _ e 2 

A±(x)A±(y) ie 2 ± ± , <r(x)cr(y) ~ -— ln \x - y\ 2 , (B.3) 

x y i 

e 2 a\x T — y T ( e 2 a 



v±(x)v±(y) ~ — + -J x ±_ y ± , v±(x)v^(y) ~ ^— + - ) ln \x - y\ . (B.4) 
We added — ^ J d 2 y-^(d fJ, v^) 2 to the action for gauge fixing. 
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B.2 M = 2 superconformal algebra 

Superconformal currents are expressed by Eqs. ([3.9p - ()3.12|) . When one considers the IR 
limit e 2 — > oo, the gauge fields are decoupled. Then we can evaluate the operator product 
expansion of these currents by the free propagators (jB.l|) - ()B.3|h 

m — n — 1 



J(x)J(y 
J(x)G(y 
J(x)G(y 
T(x)J(y 
T(x)G(y 
T(x)G(y 
T(x)T(y 
G{x)G{y 



[x - y 
i 



x 



G(y), 



x — y 

J(y) 



-y~ 

1 -G(y), 



-\2 



+ 



[X —y, 
3G(y) 

2(x- - y- 

3G(y) 
2(x~-y-y 
3(m — n — 1 



+ 



d-J(y) 
x~ — y~ 
d-G(y) 



+ 



x- - y 
dJG{y) 



2 x- 



y~ 



+ 



x — y 

my) 



(x 



2i{m — n — V 



+ 



--y-) 
2J(y) 



[x -y y [x -y ) 2 x -y 

These relations represent M = 2 superconformal algebra with central charge c = 3(m— n— 1). 



+ 



d-T(y) 
x- -y~' 
2iT(y) + d-J.(y) 



(B.5 
(B.6 
(B.7 
(B.8 
(B.9 
(B.10 
(B.ll 
(B.12 
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